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T
he aim of this article is to give insight into the mechanisms behind the
behavior of oscillators from a new angle, introducing the idea of “frozen
eigenvalues.” This approach is based on piecewise-linear modelling and a
study of the eigenvalues of the time varying linearized Jacobian of the
nonlinear differential equations describing the oscillator. A multivibrator and a
quadrature oscillator are used as test examples. The mechanisms behind the
oscillations of the two circuits are compared.
BACKGROUND
By means of the Barkhausen Criteria, a sinusoidal oscillator is normally designed as
a linear amplifier with a frequency-determining feedback circuit so that the poles of
the whole circuit are on the imaginary axis of the complex frequency plane. In other
words, you try to implement an ideal harmonic oscillator that may be modelled as
an ideal linear inductor in parallel with an ideal linear capacitor. The ideal harmon-
ic oscillator is mathematical fiction. It may be started up with arbitrary initial con-
ditions and no transient time to steady-state behavior. In the real world, there are
always losses to be compensated. In order to start up the oscillations, some parame-
ters of the circuit are adjusted so that the poles (eigenvalues) of the linearized cir-
cuit are in the right-half plane (RHP) of the complex frequency plane, i.e., in the
initial dc bias point, the circuit is unstable, and signals will start to increase when
A Piecewise-Linear
Modeling Approach
to Understanding the
Mechanisms Using
“Frozen Eigenvalues”
Erik Lindberg
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on January 22, 2010 at 09:15 from IEEE Xplore.  Restrictions apply. 
■ 24 IEEE CIRCUITS & DEVICES MAGAZINE ■ NOVEMBER/DECEMBER 2004
the power supply is connected. It is obvious that if the poles are
very close to the imaginary axis, the time constant is very large
(days, months, years?), and the transient time to steady-state
behavior is very large, i.e., apparently steady-state sinusoidal
oscillations take place. The placement of the poles on the imag-
inary axis is an impossible act of balance.
Due to the nonlinearities, the physical nature of the circuit
and the signals will always be limited in some way. The crucial
point is whether there will be oscillations or just a transition
to a new stable dc bias point. Very little is reported about how
far out in RHP the poles should be placed initially. In text-
books and papers you may find statements like: “a ‘linear’ oscil-
lator is an unstable amplifier for which the nonlinearities are
bringing back the initial poles in the right half plane of the com-
plex frequency plane, RHP, to the imaginary axis”; or “a ‘linear’
oscillator is an amplifier with positive or regenerative feed back
for which the Barkhausen condition is satisfied at a particular fre-
quency”; or “the frequency component of the noise correspond-
ing to the Barkhausen criteria will be amplified by the feed back
circuit so that the proper sine signal builds up.” This article will
conclude that these statements are not true.
AMPLIFIERS AND OSCILLATORS
Amplifiers are circuits with a stable dc bias point as a reference
for the signals. The differential equations used as a mathematical
model for the circuit are nonlinear. The dc bias point is just the
starting point at time zero. At a certain time, you may define an
instant bias point and linearize the equations. For small signals,
you assume that the instant dc bias point is time invariant and
the amplifier is linear i.e. the eigenvalues of the Jacobian of the
linearized differential equations are fixed in the complex frequen-
cy plane, and you may calculate the Bode plot (amplitude and
phase characteristic). This assumption is called “the linear blink-
ers approach.” For large signals, you observe distortion, and the
assumption of a time invariant dc bias point is no longer valid.
Oscillators are nonlinear circuits which may have an unsta-
ble dc bias point as startup reference. If the nonlinearities are
piecewise-linear, you are facing a situation where you have
finite time slots where the circuit is linear, so it makes sense to
investigate the eigenvalues of the Jacobian of the linearized dif-
ferential equations and see whether the signals are increasing or
decreasing in amplitude in a certain time slot. The trajectories
of the eigenvalues in the complex frequency plane, the s-plane,
become piecewise-linear. The  eigenvalues of the Jacobian of the
linearized differential equations are the poles of the network
functions. It is obvious that the signals will increase in ampli-
tude if the poles are in RHP and decrease in amplitude if the
eigenvalues are in  the left-half plane (LHP) of the complex fre-
quency plane. If you assume that the poles are moving back and
forth between RHP and LHP, the mechanism behind the behav-
ior of an oscillator may be described as an act of balance
between the energy you gain from the dc power supply when
the poles are in RHP and the energy you loose when the poles
are in LHP. In the case of a stable dc bias point, you may also
observe poles in LHP all the time, and the energy is supplied as
pulses in each period or half period of the oscillations.
In case of continuous nonlinearities, you may study the lin-
earized small signal model and find the eigenvalues of the lin-
earized Jacobian at a certain instant (the time is “frozen”). If
there is only one continuous nonlinearity without break
points (no jumps in the derivative) in the circuit, you may eas-
ily find the trajectories of the eigenvalues in the s-plane. If you
have several nonlinearities in the circuit it becomes necessary
to calculate the eigenvalues at each integration step if you
want to find the trajectories in the s-plane. The study of the
movement of the eigenvalues of the Jacobian of the linearized
differential equations as function of time is called “the frozen
eigenvalues approach” [1]–[3]. It gives you some insight in the
behavior of a nonlinear circuit in the time domain similar to
the Bode plot for linear circuits.  Unfortunately, the concepts
of amplitude and phase are not defined for a nonlinear circuit.
OSCILLATORS AS UNSTABLE AMPLIFIERS
An oscillator is a circuit for which a constant input signal (dc bat-
tery) produces an oscillating output signal (a steady-state, time-
varying signal). The signal may be periodic or chaotic. An old rule
of thumb says that if you want to design an oscillator, try to
design an amplifier instead, and, if you want to design an amplifi-
er, try to design an oscillator instead (i.e., invert Murphy’s Law).
Figure 1 shows a perfect linear amplifier with positive and neg-
ative feedback. The input impedance of the amplifier is assumed
infinite, the output impedance is assumed zero, and the gain of
the amplifier is assumed constant, i.e., V3 = A(V1 − V2). If you
introduce memory elements—capacitors, coils, hysteresis—in the
four impedances, various types of oscillators may be obtained [4].
If you observe time-varying signals for zero input signal
Vin = 0, you have an oscillator. If the poles of the circuit are in
LHP of the complex frequency plane, the signals are damped.
If the poles are in RHP, the signals are undamped. The signals
are steady-state signals only if the poles are on the imaginary
axis. This is, of course, impossible in a real-world circuit. The
ideal harmonic oscillator may be started with any initial con-
dition and keep its amplitude and frequency constant. As men-
tioned above, you cannot balance on a razor’s edge.
If you want to build an oscillator you must introduce nonlin-
earity in some way, e.g., by means of an amplifier with nonlinear
gain so that for small signals the poles of the linearized circuit are
in RHP and for large signals the poles are in LHP. In this case,1. An amplifier with positive and negative feedback, V(3) = A(V(1,2)).
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you may obtain steady-state behavior based on the balance
between energy you obtain from the battery when the poles are in
RHP and energy you loose when the poles are in LHP. With refer-
ence to Figure 1, a Wien bridge oscillator may be designed with
ZA as a resistor-capacitor (RC)-parallel circuit, ZB as a RC-series
circuit, and ZC and ZD as resistors. Instead of a nonlinear gain
amplifier, diodes may be introduced in ZC so that amplitude and
frequency of the oscillator may be adjusted independently [1].
In other words, in many cases an oscillator may be consid-
ered a feedback amplifier with an unstable dc bias point. Due to
the nonlinear components, the linearized small signal model
corresponding to the instant bias point will vary with time. The
dominating behavior of the circuit is based on the instant
placement of the poles of the linearized model. If the poles are
in RHP, the signals will increase in amplitude. If the poles are
in LHP, the signals will diminish in amplitude.
As mentioned above, there exist stable dc bias point oscilla-
tors which are damped systems. They are based on a periodic
impulse mechanism that, in the case of the pendulum clock, is
called the escapement.
In the following, a common multivi-
brator and a quadrature oscillator are
investigated by means of the frozen
eigenvalues approach in order to illus-
trate and clarify the idea.
COMMON MULTIVIBRATOR
If you replace the impedance ZD in Fig-
ure 1 with a capacitor CD = 0.5 µF and
the impedances ZA, ZB and ZC with
resistors RA = 1 k, RB = 1 k, and
RC = 2 k, you have a common multi-
vibrator with real poles moving back
and forth between RHP and LHP. The
hysteresis is the second “memory com-
ponent’’ needed for oscillations.
Figure 2 shows the voltages as functions
of time using an RC4136 operational ampli-
fier (op amp). The time constant becomes
τ = RC = −((RARC)/RB)CD = −1 ms for very large A and
τ = RCCD = +1 ms for A = 0. This is in agreement with Figure 2.
Assuming perfect an op amp with gain A, the pole of the
circuit is +1 k for very large A and −1 k for very little A. For
A = 2, the pole passes from +∞ to −∞, as shown on Figure
3. Please note that this is not a jump but a smooth transition.
QUADRATURE OSCILLATOR
Quadrature oscillators are based on a feedback loop with at
least one almost ideal integrator for which input and output
are two sinusoids with 90◦ phase difference. In [5], an active
RC integrator and a passive RC integrator are combined with a
negative resistance. The mechanism with a complex pole pair
moving between RHP and LHP may be observed.
If two amplifiers are coupled as shown in Figure 4, you may
have a quadrature oscillator if the impedances are chosen as
resistors according to [7]. In this case, you make use of the op
amp poles as frequency, determining memory (integrating real
poles) and the nonlinear saturation characteristic of the op
amp as the amplitude limiting mechanism. 
2. Common multivibrator, PSpice analysis, op amp input voltage V(1,2)
and op amp output voltage V(3) as functions of time.
3. Multivibrator pole as function of amplifier gain A.
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The quadrature oscillator is made from three circuits. For
the first circuit (Z1, Z2, and A1) you have
V3
V1
=
1 + R2
R1
1 + 1
A1
(
1 + R2
R1
) .
For the second circuit (Z3–Z6 and A2), you have:
V6
V3
= 1(
1 + R3
R4
)(
R5
R5 + R6
− 1
A2
)
− R3
R4
.
The third circuit is the feedback circuit (Z7 and Z8) for which:
V1
V6
= R7
R7 + R8 .
The loop gain is the product of the three network functions.
With reference to [7], you may now design the oscillator.
With R1 = R4 = R7 = 10 k , you get R2 = 33.5 k ,
R3 = R8 = 3 k , R5 = 1  , and R6 = 1, 130  . Figure 5
shows the result of a PSpice analysis with two µA741 op amps.
The frequency is 530 kHz, and the output amplitude of any of
the two op amps is 155 mV.
In the PSpice macro model of the op amp, diodes and
transistors are used for modelling of the nonlinear loss and
memory mechanisms which give rise to a time varying oper-
ating point. Figure 6 shows a simple macro model for the op
amp with two negative real poles. The model is based on the
assumption of a time invariant operating point. Figures 7 and
8 show the result of an optimization of the simple model with
only one nonlinear element: the piecewise-linear, voltage-
controlled current source GI1. The component values
obtained are: C1 = 71.173000 µF, R1 = 446.36969  ,
C2 = 205.87424 pF, and R2 = 446.35600 , corresponding
to a dominant pole at 31.48 HZ and a HF pole at 10.88 MHz.
Figures 7 and 8 show the close agreement between the output
voltage V(3) of the PSPICE library macro model and the output
5. Quadrature oscillator. V(3) as function of V(6)
200 mV
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6. Op amp macro model.
Eout = A(s)Vac, ω1 = 197.77, ω2 = 68.375 M.
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7. Comparison of the open loop ac-transfer characteristics of the op amp macro model of Figure 6
and the PSpice µA741 library macro model. Amplitude characteristic. Logarithmic frequency scale.
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voltage V(6) of the macro model in Fig-
ure 6 in the frequency range 1 mHz to 1
THz. Figures 9 and 10 show that the hys-
teresis of the PSpice library macro model
is not modeled in Figure 6.
There are only two nonlinear com-
ponents, GI1A1 and GI1A2, in the
quadrature oscillator model in Figure 6
when the simple op amp model of Fig-
ure 6 is used. These nonlinearities are
piecewise linear. There are four combi-
nations of large gain and zero gain, so
you may calculate the poles as follows.
For small signals, i.e., when the op amp
input voltages V(1, 2) and V(4, 5) are
both in the range from −47 µV to
+47 µV, there are two complex pole
pairs, one in RHP and one in LHP:
real ± j imag real       ± j imag
+400 k 4.49 M −11.3 M 4.49 M
When V(1, 2) is outside the range from −47 µV to +47 µV,
and V(4, 5) is in the range from −47 µV to +47 µV, there are
four negative real poles:
real real real real
−31.5 −1.71 M −9.17 M −10.9 M
With V(1, 2) in the range from −47 µV to +47 µV, and V(4, 5)
outside the range from −47 µV to +47 µV, there are four neg-
ative real poles:
real real real real
−31.5 −1.71 M −9.17 M −10.9 M
When V(1, 2) and V(4, 5) are both outside the range from
−47 µV to +47 µV, there are two real double poles in LHP:
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8. Comparison of the open loop ac-transfer characteristics of the operatging amperage macro model of Figure 6 and the PSpice µA741 library macro
model. Phase characteristic. Logarithmic frequency scale.
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9. Comparison of the dc-transfer characteristics of the op amp macro model of Figure 6
and the PSpice library macro model. VDC is varied from −100 µV to +100 µV.
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real real real real
−10.9 M −10.9 M −31.5 −31.5
Only in the case where the input voltages of A1 and A2 are
both small signals, a complex pole pair in RHP is present corre-
sponding to the unstable dc bias point. In the other cases, the
poles are real and negative, and the circuit is damped. This is in
agreement with Figure 11. It is seen how the two op amps syn-
chronize so that only one is active at a time. A certain amount of
energy is moving between the memory elements corresponding
to the input level of 47 µV above which the gain is zero.
CONCLUSIONS
This article demonstrated that it is possible to obtain insight in
the mechanisms behind the behavior of oscillators by means of
“the frozen eigenvalues approach.” We must rewrite our text-
books and replace statements
concerning “nonlinearities
pulling the poles back to the
imaginary axis” with proper
statements concerning the
mechanisms behind steady-
state oscillations, e.g., sinu-
soidal oscillation, where a
complex pole pair is moving
between RHP and LHP, or
relaxation oscillation, where
real poles are moving between
RHP and LHP. The mecha-
nism behind the behavior of a
quadrature oscillator where
only in the unstable dc bias
point a complex pole pair
occur in RHP is investigated.
In the steady state, all poles
are real and negative, and
relaxation oscillations similar
to the multivibrator perfor-
mance occur. The “frozen
eigenvalues” might be the
starting point for a proper
explanation of the mecha-
nisms behind “phase noise.”
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10. Comparison of the dc-transfer characteristics of the op amp  macro model of Figure 6
and  the PSpice library macro model. VDC is varied from −100 µV to +100 µV.
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11. Input voltages of op amps (V(1,2), V(4,5)) and nonlinear currents of op amps (GI1, GI2)
as  functions of time (initial transient to steady state). The op amp macro model of Figure 6 used.
50 u
50 u
200 u
300 u
0
0
I(GI11) I(GI12) 47u
47u
SEL>>
V(1,2) V(0,5) Time
0 s 4 us2 us 6 us 8 us 10 us
Authorized licensed use limited to: Danmarks Tekniske Informationscenter. Downloaded on January 22, 2010 at 09:15 from IEEE Xplore.  Restrictions apply. 
